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No exact solution of the problem of permanent irrotational waves in
deep water, where the water surface merely changes its position in space
without changing its form, has hitherto been discovered. Indeed it is not
known whether any exact solution exists.

In the ordinary treatment of the problem, to a first approximation, it
is assumed that all terms containing the square of the velocity function
are negligible. On this assumption it is shewn that if the ratio of the
height (vertical distance from trough to crest) to the length of the waves
is small enough a sinusoidal wave can be propagated without sensible
change. Exactly what " small enough " means the theory as ordinarily
presented gives no means of determining.

For a wave of given shape, height and length, it should be possible to
calculate the extreme variation of pressure over the free surface, and the
ratio of this to, say, the hydrostatic difference of pressure between trough
and crest gives some idea of the permanence of the motion. In the
absence of an exact theory it is difficult to see that more than this can
be done.

Of the different calculations carrying the algebraic approximation to a
high order of small quantities, the most complete is that given by Stokes
(Collected Papers, Vol. I, " Supplement to a Paper on the Theory of
Oscillatory Waves ")• The approximation is carried to the fifth power of
the parameter " b," and to extend it is merely a matter of taking trouble.
The complete result would be to express the coordinates x and y in terms
of 0 and \fr in the form

CO

x = — d>+be* sin <f>+ 2 bnPn{b)en* sin n<f>,
2
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where Pn(b) and Qn(b) are power-series in b. These results have a mean-
ing and can be used for actual approximate calculation only, if Pn{b) and
Qn (b) are convergent power-series when b does not exceed some value, say
b0, while for suitable values of b and for real negative values of \js, the
series for x and y are convergent.

Until the form of the power series Pn(b) and Qn(b) have been deter-
mined it is impossible to deal with their convergence. Assuming that
they are convergent, it is clear from physical considerations that there
must be an upper limit bl for b, in order that the series for x and y may
be convergent for negative values of \}s, and there are no means of deter-
mining bv

It follows that Stokes's approximation to the fifth order given in equa-
tion (17) and (18) of the memoir cannot be used to determine the extreme
variation of pressure over the surface of a wave of the type given by equa-
tion (19), and of given height and length ; because it is not known whether
the corresponding value of b is greater or less than the above bv Indeed
no more can safely be said than that, if b is small enough, a wave of type
given by equation (19) is more permanent than a wave of type

y = b sin x.

My conclusion is that these successive approximations cannot be used
for purposes of numerical calculation, and that if numerical results are to
be obtained, it must be by direct calculation for each type, when the ratio
of height to length is given.

2. The stream function for a stationary wave of length 27r, which is
symmetric about the origin, is necessarily of the form

\fs = V{y — axe~'Jeos x — a2e~2y cos 2x —. . . ) ,

and without loss of generality the free surface may be taken to be ^ = 0.
By a given type of wave is implied the using of a finite number of terms
of the series.

Assuming the series expressing z or x-\-iy in terms of w or <p-\-i\{f to
be convergent, so that it may be reversed, Stokes's approximation to the
fifth power of b, becomes on reversion

w = -

giving \js = — y-\-be~y cos x—^64e~2i/ cos Zx+^tfe"^ cos Sx.

On the assumption then that permanent irrotational waves exist, the co-
efficients a2, u3, ... in the above form for \fs should be proportional to
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8. For waves of the first type

\Jr = V(y—ae~y coax).

If y-L and — y2 are the ordinates of trough and crest, so that

yx = ae-y\ ya = aey\

the ratio of height to length is (y1-\-y2)l'2>Tr. The pressure equation is

and at the surface, where
y = ae~ycos x,

P~Po = PV2 [y (f2 - 1 + a

If ^

the variation of pressure over the surface is given by the variation between
y, a n d - * of

The function f(y) is essentially positive with y = 0 for a unique minimum.
It increases more rapidly for negative values of y than for positive, while
y2 is clearly greater than yx. If, as in the ordinary theory, k is assumed
to be zero, the extreme variation of pressure over the surface is

Unless a is very small this may be materially diminished by taking k so
as to make the pressures at trough and crest equal. The variation of
pressure so obtained is not the actual minimum, but it is certainly not far
from it. To go further it is necessary to take particular cases.

When a = "25, y1 = *204f y2 = '357,

f{Vl) = -074, /(-jfe) = -831.

The ratio of height to length is

•561
= -089.

2TT

and the extreme variation of pressure is 'Ollgp.
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When k is taken so as to make the pressure at trough and crest equal,

•204*-'074 = - -357A;—*331,

or k = - '458.

At trough and crest the value of ky—f{y) is —'167. Its maximum value
occurs when y = — "101, and is "019. With this value of k,

V* —
14'771'

and the extreme variation of pressure is

'OOiigp.

Hence for a wave in which the ratio of the height h to the length I is
'089, travelling with a velocity given by

the extreme variation of pressure over the surface is '0106gph. This is
about 8£ times the difference of the atmospheric pressures at trough and
crest.

It is sufficient to state the results in two other cases with smaller
values of a. When a = :166, h/l — '055, and the velocity maybe chosen
so that the extreme variation of pressure over the surface is less than
twice the difference of the atmospheric pressures at trough and crest.
When a = '125, h/l = '04, and with a suitable velocity the extreme
variation of pressure is less than ^ of the difference of atmospheric
pressures at trough and crest. In these latter two cases the variation j)f
pressure over the surface is so small that the first type of wave may be
regarded as giving a practical solution when the ratio of height to length
does not exceed '055.

4. For a wave of the second type, in which

\js = V(y—ale~y cos x—a.ze~2y cos 2x),

the function determining the pressure at the surface is a much more com-
plicated one than in the previous case. When ax and a2 are given, the
problem is to determine V so that the extreme variation of the pressure
over the surface shall be as small as possible.

This has been replaced by the more feasible problem of determining
V so that the extreme variation of pressure at nine points on the surface
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dividing the distance between trough and crest into eight equal segments
(horizontally) shall be as small as possible. The actual variation of
pressure over the surface will be greater than that determined from the
nine points, but probably only slightly greater.

Taking ax = '25, the value of a2 given by Stokes's approximation,
which should be the best, is a2 = — '002. These values give '09 for the
ratio of height to length. The extreme variation of pressure at the nine
points cannot in this case, by choosing V, be made less than ^ of the
variation given by the first type for the same ratio of height to length.

If, however, the value a2 = — "003 be used, the extreme variation at
the nine points can be reduced to y\ of that given by the first type. No
other value that has been tried for a2 gives so good a result as this
last one.

Mr. Mitchell has shewn that if permanent irrotational waves exist at
all, the extreme ratio of length to height for them is about *14. The ratio
'09 here considered is well within this limit, and therefore the value
— '002 given by Stokes's formula for a2, ought, assuming the existence of
permanent waves, to give the best result for the second type. The fact
that it does not may be regarded as suggesting the non-existence of per-
manent irrotational waves.


